The time and space fractional wave and heat type equations with variable coefficients are considered, and the variable order derivative in He's fractional derivative sense are taken. The utility of the homotopy analysis fractional sumudu transform method is shown in the form of a series solution for these generalized fractional order equations. Some discussion with examples are presented to explain the accuracy and ease of the method.
Introduction
The partial differential equations involving the variable order derivatives provide the more accurate results, instead of integer order conventional derivatives in many physical applied mathematical models. In the last two decades many mathematicians and scientist have shown great interest in the use of fractional derivatives in many senses like caputo [1, 2] , Riemann-Liouville [1] , Riesz derivative [3] , Weyl derivative [4] etc. Some basics of fractional differential equations have been discussed in engineering and physics [1] , [5] [6] [7] . Many fields are conventionally using the fractional partial differentiation and fractional integration, and few are in initial stage. Some applications can be found in image proRishi Kumar Pandey: Jaypee University of Engineering & technology Guna, M.P., India, E-mail: rishipandey.9@rediffmail.com *Corresponding Author: Hradyesh Kumar Mishra: Jaypee University of Engineering & technology Guna, M.P., India, E-mail: hk.mishra@juet.ac.in cessing, plasma physics, nonlinear control theory, biological modelling, and astrophysics etc. [8] [9] [10] [11] [12] [13] [14] [15] [16] . Hu et al. [17] provide the fractal space-time scales observation based on a smaller threshold model in micro and nano scale with smoothness. The practical aspects of the model are discussed by Ji-Huan He in his fractional derivative. A space and time fractional wave and heat equations are the linear integro partial equations arising mainly in conventional diffusion or wave equations using the fractional derivative of arbitrary order instead of the conventional derivative [18] . The result of the space-time fractional wave equations have many applications. For example, to investigate the Brownian diffusion, unification of diffusion and propagation phenomena of a wave, sub -diffusion systems, and random walk [19] [20] [21] [22] . Some attempts are investigated to solve the multi-term space-time fractional derivatives by the Variational iteration method [23] , Adomian decomposition method [24] , Homotopy analysis method [25] , and Homotopy perturbation method [26, 27] . The main purpose of the present manuscript is to apply the homotopy analysis fractional sumudu transform method (HAFSTM) [28] [29] [30] to evaluate the discussed problem and obtain the approximate converging series solution. In this discussion, we also evaluate the solution for both domains of space and time with lucid manner implementation, which was not previously discussed in the available literature, and also incorporating the balance of convergence of the fractional term presented by graphs in numerical experiments.
Preliminaries and Notations
This section contains the brief portrayal of the active possession of the idea of obtaining the solutions with adequate theory of fractional calculus, which facilitate us to obtain the solution of the problem specified in this manuscript. Basic definition of, Riemann -Liouville, Caputo, derivatives and sumudu integral transform and ex-
where m − 1 < α ≤ m, m ∈ N, t > 0.
Definition 5
Ji-Huan He's fractional derivative is defined as [34] 
Definition 6
In early 90's, Watugala introduced an incipient integral transform. The sumudu transform is defined over the set of functions [28, 35] 
by the following formulā
Definition 7 The sumudu transform of f (t) = t α is defined as [35] 
Definition 8
The Sumudu transform S [f (t)] of the Riemann-Liouville fractional integral is defined as [30, 35] 
Definition 9
The Sumudu transform S [f (t)] of the Caputo fractional derivative is defined as [30, 36] 
Analysis of the method
This section is devoted to deriving the algorithm for the space-time FPDE of heat and wave type at 0 < α ≤ 1, 1 < α ≤ 2 respectively. We consider the following equation for the heat and wave form
Eq. (1) represents the heat equation when 0 < α ≤ 1, and wave equation for 0 < α ≤ 2.
Using the sumudu transform of Eq. (1) on both sides, we get
Now, we define nonlinear operator as
where q ∈ [0, 1] is an embedding parameter and φ (x, y, z, t; q) is a real function of x, y, z, t, and q. we construct a homotopy as follow:
where is a nonzero auxiliary parameter and H (x, y, z, t) ≠ 0. An auxiliary function U 0 (x, y, z, t) is an initial guess of U (x, y, z, t), and φ (x, y, z, t; q) is an unknown function. It is important that one has great freedom to choose the auxiliary parameter in HAFSTM. Obviously, when q = 0 and q = 1 it holds [36] φ (x,y,z,t;0) = U 0 (x,y,z,t) , φ (x,y,z,t;1) = U (x,y,z,t) (5) Consequently, while q increases from 0 to 1, the solution converges from initial deduction U 0 (x, y, z, t) to the solution U (x, y, z, t) . Now, expanding φ (x, y, z, t; q) on Taylor's series with respect to q, we get [36] φ (x, y, z,t; q) = U 0 (x, y, z,t) + ∞ ∑︁ m=1 q m Um (x, y, z,t) (6) where
The convergence of the series solution (6) is steering through and stipulation of initial guess, the auxiliary linear operator, and the auxiliary function. The series (6) converges at q = 1. Hence we obtain [36] U (x, y, z,t) = U 0 (x, y, z,t) +
Um (x, y, z,t)
which must be one of the solutions of the original nonlinear equations. The above expression provides us with an association between the initial guess U 0 (x, y, z,t) and the exact solution U (x, y, z,t) by means of the terms Um (x, y, z,t) (m = 1, 2, 3, ...) , which are still to be determined. Define the vectors − → U = {U 0 (x, y,z,t) , U 1 (x, y,z,t) , ..., Um (x, y,z,t)} . (9) Differentiating the zero order deformation Eq. (4) m times with respect to embedding parameter q and then setting q = 0, and finally dividing them by m!, we obtain the m th order deformation equation as follows:
Operating the inverse Sumudu transform on both sides, we get
where
and
In this way, it is straightforward to acquire Um (x, y, z,t) for m ≥ 1. At N th order, we have
Um (x, y, z,t) , (13) where N → ∞, we obtain an accurate approximation of the original equation (1).
Illustrative Examples
To demonstrate the effectiveness and the precision of the above discussed method. Here, we apply the HAFSTM to solve some space -time fractional wave and heat type equations.
Example 4.1 Consider the following one-dimensional space -time fractional heat-like problem
subject to the boundary conditions U (0, t) = 0, U (1, t) = e t , and the initial condition
Applying the sumudu transform on both sides in Eq. (14),
The nonlinear operator is defined by
and thus
The m th − order deformation equation is given by
Applying the inverse Sumudu transform, we have
(17) Solving Eq. (17) by using Eq. (16) for m = 1, 2, ..., we obtain
etc.. In the same manner, the rest of the components of (14) as a series m ≥ 4 can be obtained.
The solution of (14) is given by
The accuracy and convergence of the HAFSTM series solution depends on the careful selection of the auxiliary parameter . Here, we choose = −1, then
(19) For β = 1, Eq. (19) reduces to exactly the same as given in the Decomposition method by S. Momani [37] , and also converges to the exact solution when α = β = 1,
obtained by Ozis [38] and Wazwaz [39] for standard heat type equation Example 4.2 Consider the following twodimensional space -time fractional heat-like problem
subject to the boundary conditions and the initial condition
Applying the sumudu transform on both sides in Eq. (21),
Solving Eq. (24) using Eq. (23) for m = 1, 2, ..., we obtain
etc.. In the same way, the other components of (21) as a series m ≥ 4 can be obtained The solution of (21) is given by
Um (x, y, t) .
The precision and convergence of the HAFSTM series solution depends on the useful choice of the auxiliary parameter . For convenience, we take = −1, then
For = β = 1, Eq. (26) reduces to exactly the same as given in the Decomposition method by S. Momani [37] , and also converges to the exact solution when α = β = = 1, U (x, y, t) = e −2t sin x sin y (27) obtained by Ozis [38] and Wazwaz [39] for standard heat type equation. 
Example 4.3
Consider the following threedimensional space -time fractional heat-like problem
subject to the boundary conditions
and the initial condition
Applying the sumudu transform on both sides in Eq. (28),
Solving Eq. (31) using Eq.(30) for m = 1, 2, ..., we get
and so on. The other components of the series can easily be obtain by the iteration process. The solution of (28) is given by
Um (x, y, z, t) . (32) The accuracy and convergence of the HAFSTM series solution depends on the careful selection of the auxiliary parameter . Here, we choose = −1, then
For = β = δ = 1, Eq. (33) reduces to exactly the same as given in the Decomposition method by S. Momani [37] , and also converges to the exact solution when
obtained by Ozis [38] and Wazwaz [39] for standard heat type equation.
Example 4.4
Consider the following onedimensional space -time fractional wave-like problem
subject to the boundary conditions U (0, t) = 0, U (1, t) = 1 + sinh t, and the initial condition
Applying the sumudu transform on both sides in Eq. (35),
]︂ = 0. The nonlinear operator is defined by
(37) The m th − order deformation equation is given by
(38) Solving Eq. (38) using Eq.(37) for m = 1, 2, ..., we get
etc.. In the same manner the rest of the components of (35) as a series m ≥ 4 can be obtained. The solution of (35) is given by
(40) For β = 1, Eq. (40) educes to exactly the same as given in the Decomposition method by S. Momani [37] , and also converges to the exact solution when α = β = 1,
obtained by Ozis [38] and Wazwaz [39] for standard heat type equation. 
Example 4.5
Consider the following threedimensional space -time fractional wave-like problem
Applying the sumudu transform on both sides in Eq. (42), 
Concluding remark
In this article HAFSTM has been successfully applied for the solution of heat and wave type equations. The instant arbitrary graphs show how the arbitrary order of fractional derivatives also control the convergence rate corresponding to the exact solution. Apart from other methods, the HAFSTM provide highly convergent series solutions, and is also compatible with the application of the multi -term space -time fractional partial differential equations. In conclusion, the HAFSTM may be well thought-out as an elegant refinement of existing numerical methods, which may culminate in discoveries across the broad utility in science and engineering.
